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Anyon in an External Electromagnetic Field:
Hamiltonian and Lagrangian Formulations
So far we do not know any formulation of anyons as relativistic free parti-
cles therefore even a small step in this direction has considerable significance.
Recently, Chaichian, Felipe, and Martinez [1] (hereafter referred to as I) have
proposed a model for free relativistic particles with arbitrary spin. In this
note we wish to point out that in I the Dirac quantization procedure is not
properly followed as a result of which the resulting quantum theory is dif-
ferent from what one will get by a straightforward application of Dirac’s
formulation. For example at quantum level the model in I has noncom-
mutative geometry, i.e., [xµ, xν ] 6= 0 while a correct treatment would give
[xµ, xν ] = 0. Moreover, in I, the assertion about α being an arbitrary con-
stant in Sµ = −αpµ/
√
p2 is not correct and consequently one can not say
whether the model describes anyons.
The Lagrangian chosen in I is L = m(x˙n˙)/
√
n˙2 where the vector nµ which
describes the spin degree of freedom of the particle is taken to be spacelike
and hence there is a constraint n2 + 1 = 0. This constraint should have
been included in the Lagrangian or the Hamiltonian as is appropriate for a
constrained system. Consequently, in I the authors were forced to take the
Poisson bracket(P.B.) of nµ with its canonically conjugate momentum to be
{nµ, p(n)ν } = −(gµν + nµnν) while in the canonical case the second term on
the right hand side should be absent.
The canonical description starts by incorporating the constraint in the
Lagrangian, i.e., by taking
L = m(x˙n˙)/
√
n˙2 + λ(n2 + 1). (1)
The P.B. are all canonical and the canonical Hamiltonian is H = −λ(n2+1).
Following Dirac’s method we obtain three primary constraints
φ1µ ≡ pµ−mn˙µ√
n˙2
≈ 0;φ2µ ≡ p(n)µ −
m√
n˙2
(x˙µ− (x˙n˙)n˙µ
n˙2
) ≈ 0;φ3 ≡ p(λ) ≈ 0. (2)
After incorporation of these constraints the Hamiltonian becomes
H∗ = λµ1φ1µ + λ
µ
2φ2µ + λ3φ3 − λ(n2 + 1). (3)
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At this point also there is departure from Dirac’s procedure in I. More specif-
ically the constraints implemented in I are not the linear combinations of the
constraints obtained by Dirac’s prescription.
Now we have to take care of the consistency conditions following from the
fact that the constraints should be conserved in time, i.e., their P.B. with H∗
should vanish. We find that φ1µ is identically conserved. P.B. of φ2µ with
H∗ gives λnµ = 0. In Dirac’s classification of consistency conditions this
equation would determine the Lagrange multiplier λ = 0. The consistency
condition corresponding to conservation of φ3 gives n
2 + 1 ≈ 0. This has to
be incorporated as a secondary constraint
φ4 ≡ n2 + 1 ≈ 0. (4)
Since one does not differentiate between primary and secondary con-
straints therefore the complete set of constraints is {φ1µ, φ2µ, φ3, φ4} and
the total Hamiltonian is
HT = λµ1φ1µ + λ
µ
2φ2µ + λ3φ3 + λ4φ4. (5)
But one still has to incorporate the consistency conditions. One finds that φ2µ
and φ4 are the only constraints giving rise to nontrivial consistency conditions
which are λµ2nµ = 0 and λ4nµ = 0. These equations fix λ2µ and λ4 to be
zero but we need not worry about these solutions because the corresponding
constraints turn out to be second class and thus are identically equal to zero
in quantum theory. Thus one does not get any more secondary constraints.
At this point we would like to remark that in I the consistency conditions
have not been fully taken into account but fortunately they only determine
some of the Lagrange multipliers and do not give rise to new constraints.
Now by computing the various P.B.’s of the constraints one can classify
them as first (commuting) and second (rest) class. One finds that φ1µ and
φ3 are first class constraints while the remaining constraints are second class
because
{φ2µ , φ4} = 2nµ. (6)
The Dirac matrix can now be defined as (Cµ)12 = −(Cµ)21 = {φ2µ, φ4} = 2nµ
and (Cµ)11 = (Cµ)22 = 0. Its inverse with (Cµ)
12 = −(Cµ)21 = nµ/2 and
(Cµ)
11 = (Cµ)
22 = 0 can be used to define the Dirac bracket of any two
quantities A and B as
[A,B]D = {A,B} − {A, φ2µ}(Cµ)12{φ4, B} − {A, φ4}(Cµ)21{φ2µ, B}. (7)
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These brackets can be used to pass to quantum theory. One finds that unlike
the claim in I, the geometry is commutative, i.e., [xµ, xν ] = 0. Moreover, the
commutator of nµ with its canonically conjugate momentum does not depend
on the momentum pµ, i.e., one gets [nµ, p
(n)
ν ] = −i(gµν + nµnν). Thus the
actual quantum theory is different from what is found in I. One also notices
that since φ4 is a second class constraint therefore eqn(4) is strongly zero in
the quantum theory and thus we recover the spacelike condition for nµ.
Finally, in I, it is asserted that α occurring in Sµ = −αpµ/
√
p2 is an
arbitrary constant. But if this is so then one would get the wrong result
[Sµ, Sν ] = 0 since pµ
′s commute. Therefore one concludes that α can not
be an arbitrary constant but has to be an operator. In particular it should
depend on xµ because its commutator with pµ has to be nonzero. Also α
can not be completely arbitrary because of the algebra [Sµ, Sν ] = iǫµνλS
λ.
Therefore it is not clear if the model in I describes a free relativistic particle
of fractional spin in 2+1 dimensions.
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